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The effect of filtration of the liquid phase through the channel walls 
on the hydraulic resistance is considered in the case of flow in a 
round tube. Depending on the flow parameters there may be either 
an increase or a significant reduction (up to 50-60%) in the hydraulic 
resistance in comparison with flow in a tube with impermeable walls. 

The dynamic  c h a r a c t e r i s t i c s  of a f low of a d i s p e r s e  
s y s t e m  depend s ign i f i can t ly  on the f i l t r a t i o n  f low of 
the l iquid  phase  th rough  the channel  wa i l s .  On one 
hand, f i l t r a t i o n  of the d i s p e r s i o n  m e d i u m  leads  to an 
addi t iona l  e f f e c t i v e  p r e s s u r e  g r a d i e n t  in the f low (as 
o c c u r s  in the f low of a u n i f o r m  l iquid [2]). Th is  is 
m a n i f e s t e d  in a r e d u c t i o n  of the o b s e r v e d  h y d r a u l i c  
r e s i s t a n c e  in c o m p a r i s o n  with a f low in a channel  
wi th  i m p e r m e a b l e  wal l s .  On the  o the r  hand, r e m o v a l  
of the l iquid  phase  f r o m  the s y s t e m  l eads  to an in -  
c r e a s e  in the c o n c e n t r a t i o n  of the s y s t e m  and i ts  e f f e c -  
r ive  v i s c o s i t y ,  wi th  the  r e s u l t  that  the h y d r a u l i c  r e s t s -  
t anee  i n c r e a s e s .  

A quan t i t a t i ve  t r e a t m e n t  of t h e s e  e f f ec t s  is of i n -  
t e r e s t  p r i m a r i l y  in connec t ion  wi th  app l i ca t ions  to 
s e v e r a l  c h e m i c a l  m a n u f a c t u r i n g  p r o c e s s e s .  In addi t ion,  
the p r o b l e m  of f low in a channel  with p e r m e a b l e  wa l l s  
can  be  r e g a r d e d  as  a mode l  of the f low of c lay and 
c e m e n t  so lu t ions  in a we l l  sunk in a p o r o u s  s t r a t u m ,  
a s i tua t ion  of i n t e r e s t  to the oi l  r e c o v e r y  indus t ry .  

It is  n e c e s s a r y ,  g e n e r a l l y  speaking ,  to c o n s i d e r  
s e p a r a t e l y  the equa t ions  of m o t i o n  of the d i s p e r s i o n  
m e d i u m  and the d i s p e r s e  phase  even  i n r e g i o n s  of s t eady  
f low. T h e r e  is no c o n s i s t e n t  m e c h a n i c a l  s c h e m e  at 
p r e s e n t  fo r  doing th is .  Hence ,  we a s s u m e  h e r e  that  
the d i s p e r s e  m e d i u m  can be  r e g a r d e d  as a d i s p e r s o i d  
c o n s i s t i n g  of an o r d i n a r y  v i s c o u s  l iquid  with  e f f e c t i v e  
v i s c o s i t y / z ,  which  depends  on the v o l u m e  e o n e e n t r a -  
t ion p of the sol id  phase .  The  fo l lowing  condi t ions  m u s t  
be s a t i s f i e d  if th is  a s s u m p t i o n  is  to be  val id:  

1. The  m e d i u m  m u s t  be su f f i c i en t ly  f ine ly  d i s p e r s e d  
and (or) u n i f o r m l y  dense ,  so  that  the Stokes  v e l o c i t y  
of the  p a r t i c l e s  is neg l ig ib ly  s m a l l  in c o m p a r i s o n  with 
the  m e a n  f low v e l o c i t y .  Th i s  i s  the c a s e  in a c o n s i d e r -  
ab le  n u m b e r  of h y d r a u l i c  and e v e n  p n e u m a t i c  t r a n s -  
p o r t  s y s t e m s ,  as  we l l  as  fo r  the c lay  and c e m e n t  s o l u -  
t ions  u sua l l y  used  in p r a c t i c e .  

2. Sl ipping at the wa i l s  is ins ign i f i can t .  Th is  a s -  
sumpt ion  is u s u a l l y  va l id  ff the  d i a m e t e r  of the p a r -  
t i t l e s  is m u c h  s m a l l e r  than the l i n e a r  d i m e n s i o n s  of 
the  c r o s s  s e c t i o n  of the channel .  

3. The d e n s i t y  of the f i l t r a t i o n  f low of the d i s p e r s i o n  
m e d i u m  is  m u c h  l e s s  than  the m e a n  dens i ty  of the m a i n  
f low in the sec t ion .  Then changes  in the l o g a r i t h m s  of 
a l l  the quan t i t i e s  (except  the p r e s s u r e  p) at d i s t a n e e  
on the o r d e r  of the  l i n e a r  d i m e n s i o n s  of the c r o s s  s e e -  

t ion a long  the channel  ax is  a r e  s m a l l  in c o m p a r i s o n  
with  uni ty  and the r a d i a l  v e l o c i t i e s  a r e  s m a l l  in c o m -  
p a r i s o n  with the v e l o c i t y  a long the ax is .  In e o r r e -  
spondenee  wi th  th is  a s s u m p t i o n  we a lso  r e g a r d  the 
d i s p e r s e  m e d i u m  as u n i f o r m  in the r a d i a l  d i r e c t i o n s .  
C o n s i d e r i n g  the equa t ions  of m o t i o n  of a d i s p e r s o i d  
we s e e  that  we can neg l ec t  r a d i a l  mo t ion  of the p h a s e s  
only  in the z e r o  a p p r o x i m a t i o n  fo r  s m a l l  d e r i v a t i v e s  
of the v e l o c i t y  and o t h e r  quan t i t i e s  (except  p) in the 
d i r e c t i o n  of the flow. 

In t he se  a p p r o x i m a t i o n s  the  a x i s y m m e t r i c  s t eady  
f low is  

dp ~_ ~t(p) 0 ( 0 @ t  ) 
- -  d ~ -  ' rl Or1 rl = 0, rib = 0. (1) 

H e r e  B deno tes  the sol id  b o u n d a r i e s  of the flow. F o r  
a f low in a round tube we obtain  f r o m  (1) a P o i s e u i l l e  
v e l o c i t y  d i s t r ibu t ion .  The equa t ions  of c o n s e r v a t i o n  
of m a s s  of the p h a s e s  in this  f low in i n t eg ra l  f o r m  a r e  

dz [(1 - ~) Q] + 2~ Rq= d _  (~, Q) = o, 

R 

O = 2~ ~ rlv (rl, z) dq. (2) 

0 

We r e g a r d  the quant i ty  q(z) as  l i n e a r l y  dependen t  
on the p r e s s u r e  d rop  on the  tube w a l l s .  We then  have  

q (z) = k (p - -  q)), q~=q~(z), k = k ( z ) .  (3) 

Th is  e x p r e s s i o n  is  val id  fo r  q > 0, o r ,  if the tube is  
i m m e r s e d  in the l iquid  phase  of the g iven  d i s p e r s e  
s y s t e m ,  fo r  any q. F r o m  (2) and (3) we obta in  the 
equa t ions  

= 9 O = c o n s t ,  ~ + 2 ~ R k ( p - - ~ p ) = 0 .  (4) C 

F r o m  (4) and f r o m  (1) we have  the r e l a t i o n s h i p s  f o r  

p R ~ dp 
- -  - - - C ~  

~(o) dz 

8C ~ ~t (p) dz 
P = P o -  - -  J R 4 (5) p 

o 

Us ing  (4) and (5) we obtain  a s e c o n d - o r d e r  equa t ion  
f o r  p (z), 

d29 2 { dp ~ 2 dp d l n k  
dz 2 p \ ~ z  ) @ dz dz -~- 

+ 2 n k p 2 R  (8~t (9)C dr ) = 0 .  (6) 
C ,n 9 R ~ dz , 
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F o r  s i m p l i c i t y  we c o n s i d e r  be low only the c a s e  of 
f low in which q ,  R,  and k a r e  cons tant .  Solving (6), 
we obta in  the  equa t ion  

[ (4~ ~ (P~ (7) 
dz 

P 

R ~ p~ 
Pc 

In d e r i v i n g  (7) we used  the  in i t ia l  cond i t ions  

p[~=o = Pc, 

d p 2n  k R  (Po - -  e?) pg, C = pc Qo. (8) 
dz ~=o C 

We note that  in s t ead  of (8) we can use  any o t h e r  c o n -  
d i t ions ,  e. g . ,  we can a s s i g n  the p r e s s u r e  at  the ou t le t  
of the tube,  and so on. 

F o r  the e f f e c t i v e  v i s c o s i t y  of a d i s p e r s o i d  we can  
u s e  the e m p i r i c a l  f o r m u l a  # = P0(P. - p)-n,  w h e r e  the  
p a r a m e t e r  n l i e s  b e t w e e n  2 and 4, a c c o r d i n g  to the  
da ta  of d i f f e r e n t  au thors .  F o r  d e f i n i t e n e s s  we take 
n = 3. Then ,  a f t e r  i n t eg ra t i on  we obta in  f r o m  (7) (p.  = 
= m a x  p) that  

P 

Oo 

i , d 9 _ F (p) = pS (p, _ p)3 

1 [ p ,  - -  p 4p 
= - P~ L6 In 

�9 P P, - -  p 

p~ (p, - -  p)~ 4 (p. - -  p) ] 
2 ( p , ~ p ) ~  + 292 + P J" (9) 

H e r e  we have  in t roduced  the d i m e n s i o n l e s s  v a r i -  
able  and p a r a m e t e r  

~=2~/~R Po--____2%z, r  S ~o [ ooQ0 ~.(10) 
poQo ~ kR 5[ Po--~ ] 

O0 

50 

i f  ga 
/ 

0 ~'2 a4, 

Fig .  1. R e l a t i o n s h i p  ~ = ~ ( p )  fo r  oz = 3 . 1 0 - 5 :  
a) p0 =0"01;  b) p0 = 0.05; e) p0 = 0.10. 

E q u a t i o n  (9) holds  i f p  - p* ,  w h e r e  p* is  the roo t  
of the equa t ion  

Y (p*) = ~-~ + F (p0). 

An ana ly s i s  shows that  this  va lue  is a t ta ined  a s y m p -  
t o t i c a l l y  when ~ - -  ~. As  the fo l lowing  ca l cu l a t i ons  
show, the va lue  of p*  d i f f e r s  v e r y  ins ign i f i can t ly  f r o m  

P , -  
In m a n y  e a s e s  w h e r e  a is  s m a l l  the t e r m  p r o p o r -  

t iona l  to a can be  neg l ec t ed  in (9) (this c o r r e s p o n d s  to 
neg l ec t  of the p r e s s u r e  d e c r e a s e  a long the  tube).  Then,  
f r o m  (9) we have  

~ 1 1 P0 , p ~  ( i i )  

P0 P 1 -- Po~ 

This expression is a sufficiently good approximation to 

(9) when P0} << I , pc/p.. 
Curves ~ = }(p), obtained after numerical integra- 

tion of (9) on a computer, are shown in Fig. 1 for a = 
= 3" 10 -~andp0 = 0.01, 0.05, and 0.10. 

The dashed lines in Fig. 1 show the relationships 
= }(p) derived from (11). In all the calculations here 

and below we take p, = 0.60; the value of p* was always 
greater than 0.58. It can be seen that a significant dif- 
ference between the exact solution of (9) and the approx- 
imate solution (11) is characteristic only of the region 
of relatively high ~ and p. The investigations show that 
the values of } (p) for any p increase monotonically with 
increase in ~(very slowly when a r I0-4-I0 -5 and 
very rapidly when c~ > 10-3). 

Using formula (5), we obtain the following expres- 
sion for the ratio /3 of the true hydraulic resistance of 
the channel to the resistance (Ap)0 of this channel with 
impermeable walls 

w h e r e  

L 
13 Ap 1 ~ ~(p) pc 

' (~ P)o L t~ (Pc) P 
0 

dz = 

= 1 j'~ ( P , - - P o P  P0 d~ ,  (12) 
r (p, - -  pp p 

O 

(a P)0 8Q0 ~t (p0) r = 2n k L R  Pc - -  ~ (13) 
R 4 ' p0 Q0 

The r e l a t i o n s h i p s  /3 = fl (r) c o r r e s p o n d i n g  to the  
c u r v e s  in F ig .  1 a r e  shown in Fig .  2 (solid cu rves ) ;  
the dashed  l ines  g ive  the c u r v e s  of fi (r) on the a s s u m p -  
t ion that  the a p p r o x i m a t e  e x p r e s s i o n s  (11) a r e  val id .  
It is  c l e a r  that  wi th  i n c r e a s e  in the p a r a m e t e r  r the 

a 

%. 
0.6 

a% ,o a o ~  

b ~ c 

fo ,~. II '.J - -  I l 

Q8 < ~ /  o 

0.6 0,5 ~ 

% +0 ~ 2o % g o - ~  

Fig .  2. R e l a t i o n s h i p s  fi = fi (r) c o r r e s p o n d i n g  to c u r v e s  
in F ig .  1. 
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c o e f f i c i e n t  of r e d u c t i o n  of the h y d r a u l i c  r e s i s t a n c e  fi 
d e c r e a s e s  at f i r s t ,  r e a c h e s  a m i n i m u m  when r = r 0, 
w h e r e  r 0 depends  onp0 and c~, and then b e g i n s  to i n -  
c r e a s e ,  a s y m p t o t i c a l l y  a p p r o a c h i n g  inf in i ty  when p 

p*. The  l a s t  r e s u l t  is  obv ious ly  due to the i n c r e a s e  
in v i s c o s i t y  of the  d i s p e r s o i d  wi th  i n c r e a s e  in its con -  
c e n t r a t i o n ,  which p l ays  the m a i n  r o l e  at l a r g e  r.  On 
the  o t h e r  hand, at  s m a l l  r th is  e f fec t  is in s ign i f i can t  
and t h e r e  i s  a r e d u c t i o n  of the h y d r a u l i c  r e s i s t a n c e ,  
as  in the c a s e  of m o t i o n  of a u n i f o r m  v i s c o u s  l iquid 
t h rough  tubes  with p e r m e a b l e  wa l l s  [2]. We note  that  
at low c~(of o r d e r  10 -4 o r  l e s s )  the v a l u e s  of fl a r e p r a c -  
t i c a l l y  independen t  of ~ in the  r e g i o n  of p of i n t e r e s t .  

The p r e s s u r e  lo s s  in the  c a s e  of a f low of c lay  s o l u -  
t ions  in tubes  with p e r m e a b l e  wa l l s  was d e t e r m i n e d  
e x p e r i m e n t a l l y  in [1]. (The m o s t  r e c e n t  e x p e r i m e n t a l  
da ta  r e l a t i n g  to the r e d u c t i o n  of h y d r a u l i c  r e s i s t a n c e  
and the f o r m a t i o n  of a c lay  c r u s t  on the wa i l s  of the 
channel  w e r e  g iven  in a p a p e r  by R. T.  A l i e v  at the 
S y m p o s i u m  on the H y d r a u l i c s  of D r i l l i n g  and C e m e n t -  
ing F l u i d s ,  Kiev ,  A p r i l  1967.) The  v a l u e s  of r in t h e s e  
e x p e r i m e n t s  c o r r e s p o n d e d  to the r e g i o n  of r e d u c t i o n  of 
h y d r a u l i c  r e s i s t a n c e .  Unfo r tuna t e ly ,  t h e s e  e x p e r i -  
m e n t s  w e r e  not a c c o m p a n i e d  by c a r e f u l  m e a s u r e m e n t s  
of the  v i s c o s i t y  and a d e t e r m i n a t i o n  of P0- Th i s  m a k e s  
it  d i f f i cu l t  to t e s t  the theory .  T h e r e  is good qua l i t a t i ve  
a g r e e m e n t ,  h o w e v e r ,  b e t w e e n  the t h e o r e t i c a l  and e x -  
p e r i m e n t a l  r e s u l t s .  F o r  i n s t ance ,  in [1] the dependence  
of/3 on the  to ta l  f i l t r a t i o n  f l owof  the l iquid phase  th rough  
the w a l l  and on the  p r e s s u r e  drop  P 0 -  ~o, which  
a r e  p r o p o r t i o n a l  to r ,  was  inves t iga t ed .  T h e s e  e x p e r i -  
m e n t a l  r e l a t i o n s h i p s  have p r e c i s e l y  the s a m e  shape 
as  the d e s c e n d i n g  p o r t i o n s  of the  c u r v e s  of fi (r) in F ig .  
2. 

E x p e r i m e n t s  a l so  ind ica te  that  when su f f i c i en t ly  
c o n c e n t r a t e d  d i s p e r s e  s y s t e m s  m o v e  th rough  a tube o r  
we l l  in a p o r o u s  m e d i u m  a c ru s t  c o n s i s t i n g  of p a r -  
t i c l e s  of the d i s p e r s e d  phase  f o r m s  on the  wa l l s  and 
th is  i m p e d e s  the f i l t r a t i o n  of the d i s p e r s i o n  m e d i u m .  
F o r  a thorough  c o n s i d e r a t i o n  of the d y n a m i c s  of c r u s t  
f o r m a t i o n  we would obv ious ly  have  to c o n s i d e r  the un-  
s t eady  p r o b l e m  of mo t ion  of a c o m p l e x  m e d i u m  and 
take into account  the i n t e r a c t i o n s  of ind iv idual  sol id  
p a r t i c l e s .  H e r e  we adopt  a p h e n o m e n o l o g i e a l  a p p r o a c h  
b a s e d  on the p r i n c i p l e  of m i n i m u m  energsz d i s s ipa t ion .  
Th i s  a p p r o a c h  is of ten  used  in the p h y s i c s  of i r r e v e r s -  
ib le  p r o c e s s e s .  It was  appl ied  e a r l i e r  [3] to the m o t i o n  
of d i s p e r s e  s y s t e m s  in a s tudy of the wal l  e f fec t  and 
led to r e s u l t s  which  a g r e e d  with the e x p e r i m e n t a l  r e -  
su i t s .  

We a s s u m e  that  the f low p r o d u c e s  an " e q u i l i b r i u m "  
c r u s t  c o r r e s p o n d i n g  to the c o m p l e t e l y  s t eady  r e g i m e  
and such  that  the  e n e r g y  d i s s i p a t i o n  (or p r e s s u r e  d rop  
in the tube) is  a m i n i m u m .  It is c l e a r  that  the f o r m a t i o n  
of the c r u s t  wi l l  r e d u c e  both the e f f e c t i v e  tube r a d i u s  
(which b e c o m e s  R .  = R - h, w h e r e  h is the t h i c k n e s s  
of the c rus t )  and the p r o p o r t i o n a l i t y  f a c t o r  k in (3), so 
that  the e f f e c t i v e  va lue  of k, as  can e a s i l y  be  shown,  is 

, / 

U s u a l l y  h << R and only the second  e f fec t  is s i gn i f -  
icant .  In th is  e a s e  Ap r e a c h e s  i ts  m i n i m u m  va lue  at 
the s a m e  va lue  of r as  the m i n i m u m  of fi (r). The  r e l a -  
t ionsh ip  b e t w e e n  fi and k is of the s a m e  f o r m  as  the 
r e l a t i o n s h i p  fl (r), s ince  k ~ r .  Us ing  fo r  s i m p l i c i t y  
the  c r u s t  t h i c k n e s s  a v e r a g e d  o v e r  the  l eng th  of the 
tube we see  that when r -< r 0 no c r u s t  at a l l  is f o r m e d ,  
but  when r > r 0, w h e r e  the  va lue  of r is  d e t e r m i n e d  
f r o m  (13) wi th  the va lue  of k f r o m  (3), the c r u s t  t h i c k -  
n e s s  is g iven  by the equa t ion  

k, (h) r0 
- -  - ( 1 5 )  

k r 

Thus ,  the bui ldup of the c r u s t  on the wa l l s  l eads  to 
a r e d u c t i o n  of the va lue  of r c o r r e s p o n d i n g  to the r e g i o n  
of i n c r e a s e  of func t ion  /? (r) to the va lue  r 0 c o r r e s p o n d -  
ing to the rn in imum va lue  of ft. We note that  a m o r e  
de ta i l ed  a n a l y s i s  in which  the  change in c r u s t  t h i cknes s  
with d i s t a n c e  a long  the tube axis  is  t aken  into account  
l eads  to the conc lus ion  that  c r u s t  f o r m a t i o n  does  not 
u sua l l y  beg in  at  the e n t r a n c e  sec t ion ,  but  at s o m e  c r o s s  
s e c t i o n  f u r t h e r  d o w n s t r e a m .  The  m e a n  c r u s t  t h i cknes s  
d i f f e r s  s l i gh t ly  f r o m  the roo t  of Eq.  (15). Th is  g r adua l  
bui ldup of the c r u s t  is  a l so  typ ica l  of o i l - w e l l  e x p e r i -  
m e n t s .  

We note that  the  l a s t  r e s u l t s  apply to s y s t e m s  in 
which  t he r e  a r e  no spec i f i c  a t t r a c t i v e  f o r c e s  be tween  
the p a r t i c l e s ,  i . e . ,  the spon taneous  f o r m a t i o n  of an 
i n t e r n a l l y  bound p o r o u s  s t r u c t u r e  is i m p o s s i b l e .  In 
the  l a t t e r  c a se ,  of c o u r s e ,  the a f f in i ty  be tween  the p a r -  
t i c l e s  would have to be  taken  into account .  

NOTATION 

L is the  tube length;  R is  the tube r ad ius ;  p and q) 
a r e  the p r e s s u r e  ins ide  tube and e x t e r n a l  p r e s s u r e ,  
r e s p e c t i v e l y ;  Q is  the f low of d i s p e r s e  s y s t e m ;  q is  the  
dens i ty  of f low of l iquid phase  th rough wai ls ;  P is  the 
v o l u m e  c o n c e n t r a t i o n  of sol id  phase  in s y s t e m ,  c o n -  
nec ted  with i t s  p o r o s i t y  a by the r e l a t i o n s h i p  p = 1 - e ; 

k is  the p r o p o r t i o n a l i t y  f a c t o r  in the e x p r e s s i o n  fo r  q in 
t e r m s  of p - q), which is  p r o p o r t i o n a l  to the p e r m e a b i l "  
i ty of the wal l  m a t e r i a l ;  #0 is  the  v i s c o s i t y  of l iquid  
phase ;  tt is  the e f f e c t i v e  v i s c o s i t y  of d i s p e r s e  s y s t e m ;  
h is  the t h i c k n e s s  of c r u s t  on wai l s ;  s is the c r u s t  p e r -  
m e a b i l i t y  p e r  unit t h i cknes s .  The  s u b s c r i p t  z e r o  in-  
d i c a t e s  p a r a m e t e r s  d e t e r m i n e d  at the e n t r a n c e  s e c -  
t ion of the tube.  
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